We propose a current correlation spectrum approach to probe the quantum behaviors of a nanomechanical resonator (NAMR). The NAMR is coupled to a double quantum dot (DQD), which acts as a quantum transducer and is further coupled to a quantum-point contact (QPC). By measuring the current correlation spectrum of the QPC, shifts in the DQD energy levels, which depend on the phonon occupation in the NAMR, are determined. Quantum behaviors of the NAMR could, thus, be observed. In particular, the cooling of the NAMR into the quantum regime could be examined. In addition, the effects of the coupling strength between the DQD and the NAMR on these energy shifts are studied. We also investigate the impacts on the current correlation spectrum of the QPC due to the backaction from the charge detector on the DQD.
I. INTRODUCTION
The observation of quantum-mechanical behaviors in nanoelectromechanical systems, in particular, nanomechanical resonators (NAMRs) for testing the basic principles of quantum mechanics [1] [2] [3] has become a topic of considerable interest and activity. Besides their wide range of potential applications, 1,2 e.g., serving as ultrasensitive sensors in high-precision displacement measurements, and detection of gravitational waves, quantized NAMRs are potentially useful for quantum-information processing. For example, NAMRs may serve as a unique intermediary for transferring quantum information between microwave and optical domains because they can be coupled to electromagnetic waves of any frequency. 4 At very low temperatures (in the milli-Kelvin range), NAMRs of high-vibration frequencies (gigahertz range) have recently been experimentally verified to approach the quantum limit. [5] [6] [7] [8] [9] [10] [11] However, low-frequency ( 100-MHz) mechanical oscillators have the distinct advantages of high-quality factors, long phonon lifetimes, and large motional state displacements, which are important for future testing of quantum theory 12 and other applications. A formidable challenge (see, e.g., Refs. 5-10) in this field is to detect the quantum quivering (zero-point motion) of an NAMR so as to quantitatively verify whether it has been cooled into the quantum-mechanical regime or not. To directly detect the extremely small displacements of an NAMR vibrating at gigahertz frequencies by using available displacement-detection techniques is very difficult. [8] [9] [10] [11] The usual position-measurement method is also severely limited by the "zero-point displacement" fluctuations in the quantum regime, 13 although near-Heisenberg-limited measurements have been performed in recent experiments. 14 In this paper, we propose a current spectroscopic approach to study the behaviors of an NAMR. It is based on the detection of the current correlation spectrum in a charge detector, e.g., a quantum-point contact (QPC), which is indirectly coupled to an NAMR via a double quantum dot (DQD) acting as a quantum-electro-mechanical transducer. 15 Based on this proposal, we show that one can observe the quantum behaviors of the NAMR and can further verify whether it has been cooled into the quantum regime. In contrast to a previous approach based on the superconducting qubit coupled to a cavity, which involves Rabi splitting, 16 our proposed setup is expected to provide better tunability via the gate voltages. Moreover, we also study the effects of the backaction from the charge detector on the DQD.
We consider a coupled NAMR-DQD system in the strong dispersive regime where the coupling strength g is much smaller than the frequency detuning δ between the DQD and the NAMR. In this regime, energy quanta in the NAMR are only virtually exchanged between the DQD and the NAMR. Thus, the coupling of the DQD to the NAMR does not change the occupation state of the electron in the DQD, but only results in phonon-number-dependent frequency shifts in the DQD energy levels. These shifts are analogous to Stark shifts and can be further detected by measuring the current correlation spectrum of the QPC. This paper is organized as follows. In Sec. II, the coupled system is explained. The effective dispersive Hamiltonian is derived in Sec. III. The quantum dynamics of the coupled NAMR-DQD system in the presence of the QPC are derived in Sec. IV. In Sec. V, results related to the observation of quantum behaviors, the verification of the ground-state cooling of an NAMR, as well as the backaction from the QPC on the DQD are analyzed. Conclusions are given in Sec. VI.
II. THE COUPLED NAMR-DQD-QPC SYSTEM
The device layout of an NAMR capacitively coupled to a lateral DQD, which is further measured by a QPC, is presented in Fig. 1(a) . Here, we consider a Coulomb-blockade regime with strong intradot and interdot Coulomb interactions so that only one electron is allowed in the DQD. The states of the DQD are denoted by occupation states |1 and |2 , representing one electron in the left and the right dots, respectively. The stereographical diagram of this device is shown in Fig. 1(b) . The lateral DQD is formed by properly tuning the voltages applied to the gates. Also, an electron can be injected from the left reservoir to the DQD by changing the gate voltages. A metallic NAMR is fabricated above the DQD, and the displacement of the NAMR from its equilibrium position 4), is the energy detuning between the two dots, and is the interdot coupling. Below, we consider, for simplicity, the degenerate-state case with = 0 [see Fig. 1(a) ]. c Sk (c Dq ) is the annihilation operator for electrons in the source (drain) reservoir of the QPC with momentum k (q). Here, we define pseudospin operators
1 a 2 with a 1 (a 2 ) being the annihilation operator for an electron staying at the left (right) dot. H int is the electromechanical coupling between the NAMR and dots 1 and 2 with coupling strengths g 1 and g 2 . The relative coupling strength g ≡ (g 2 − g 1 )/2 is about 0.1ω m ∼ 0.5ω m for typical electromechanical couplings (see, e.g., Ref. 18) . H det describes tunnelings in the QPC, which depends on the electron occupation of the DQD, owing to the electrostatic coupling between the DQD and the QPC. We define T ≡ T 0 − (ζ 2 + ζ 1 )/2 and ζ ≡ (ζ 2 − ζ 1 )/2 so that the transition amplitude of the QPC when an extra electron stays at the left and right dots equals T + ζ or T − ζ , respectively.
III. EFFECTIVE DISPERSIVE HAMILTONIAN
In the eigenstate basis, the DQD Hamiltonian can be written as
where z = a † e a e − a † g a g with the two eigenstates of the DQD given by |g = (|1 − |2 )/ √ 2 and |e = (|1 + |2 )/ √ 2 and the energy splitting between these two eigenstates is 2 . Then, the total Hamiltonian becomes
where
g a e . In the dispersive DQD-NAMR coupling regime with |η| < 1, where η = g/δ and δ = 2 − ω m , applying a canonical transformation UH U † on the Hamiltonian (9) 
Here, χ = g 2 /δ. The third term in Eq. (10) is a dispersive interaction that can be viewed as either a DQD-state-dependent frequency shift in the NAMR or a phonon-number-dependent shift in the DQD transition frequency. This interaction implies that, when the DQD state is excited (deexcited), an energy 2χ is effectively added to (removed from) each NAMR phonon. A similar frequency shift also appears in analogous systems in quantum optics. 19 The dispersive NAMR-DQD energy levels, described by the first three terms in Eq. (10) , are the quantum version of the ac Stark effect. When there is no interaction (g = 0) between the NAMR and the DQD, energy differences between adjacent levels of the NAMR or the DQD are simply ω m or 2 , respectively. However, for g > 0, these eigenstates are dressed by the dispersive interaction. The corresponding phonon level differences become ω m − χ for the DQD state |g and ω m + χ for state |e , whereas the DQD energy split is
for phonon number n in the NAMR. Figure 1 (c) shows these effective energy-level differences. The phonon-numberdependent frequency shift in the DQD as well as the DQDstate-dependent shift in the NAMR can be detected as will be explained below.
IV. QUANTUM DYNAMICS OF THE COUPLED NAMR-DQD SYSTEM
We now derive a master equation to describe the quantum dynamics of the coupled system. In the interaction picture with the dispersive Hamiltonian H 0 in Eq. (10), the interaction Hamiltonian H I [Eq. (11)] can be written as
with
and
Applying the Born-Markov approximation and tracing over the degrees of freedom of the QPC, quantum dynamics of the NAMR-DQD system are governed bẏ
Here, ρ tot (t) is the density operator of the whole system including the QPC as well. Substituting H I from Eq. (13) into Eq. (16) and converting the resulting equation into the Schrödinger picture, we obtain the master equation,
where ( 
To account for the coupling of the DQD to other degrees of freedom, such as hyperfine interactions and electronphonon couplings, we have phenomenologically included an additional relaxation term [the third term on the right-hand side of Eq. (17)] describing transitions from excited state |e to ground state |g . 21 In the strong dispersive regime, as we have mentioned before, the phonon in the NAMR neither is absorbed nor induces any transitions in the DQD and, hence, does not change the occupation probability of the DQD. Instead, the occupation state of the DQD is only affected by the backaction of the QPC and the phenomenological relaxation term.
In the basis {|e,n ,|g,n } of the coupled NAMR-DQD system, we obtain the following evolution equations for the reduced density matrix elements:
ρ en,gn = −iδ n ρ en,gn − γ 1 (ρ en,gn − ρ gn,en ) − Assuming eV QPC > δ n > 0, the QPC-induced relaxation and excitation rates between the ground state and the excited state of the DQD are defined as γ + = γ 1 (1 − λ n ), γ − = γ 1 (1 + λ n ), where γ 1 = 2πg S g D χ 2 eV QPC and λ n = δ n /eV QPC . Since the decay rate of the NAMR is much smaller than that of the DQD, dissipations of the NAMR are neglected (see further discussions below). In Eqs. (21)- (24), the reduced density matrix element ρ in,in (i = g,e) gives the occupation probability of state |i,n of the coupled NAMR-DQD system, whereas ρ in,j n (i = j ) describes the quantum coherence between states |i,n and |j,n . Equations of motion for other elements, e.g., ρ in,j n (n = n ), which are decoupled from those considered here, are not shown. Using the normalization condition p n = ρ gn,gn + ρ en,en , the solutions to the equations above are obtained as
ρ en,gn (t) = e −γ 0 t cos(ν n t)ρ en,gn (0) + sin(ν n t)
ρ gn,en (t) = e −γ 0 t cos(ν n t)ρ gn,en (0) + sin(ν n t)
and p n is the probability that the NAMR is in state |n . In the calculation, we have assumed 0 < γ 1 < δ n (see typical parameters listed in Sec. V A).
V. CURRENT CORRELATION SPECTRUM OF THE QPC
The dc current through the QPC is given by 22
where I l = eD and I r = eD are the currents through the QPC when dots 1 and 2, respectively, are occupied. 22 Here
2 eV QPC are the corresponding rates of electron tunneling through the QPC, which follows from Eq. (7). Using ρ 11 + ρ 22 = 1, one can define the current operator as 
Substituting Eqs. (25)- (28) and (32) into Eq. (33) and using S(ω) = S 0 + n p n S n (ω), we get
Here, S 0 = 2eI 0 is the current-noise background. From Eq. (34), one sees that the current correlation spectrum of the QPC consists of peaks at resonance frequencies ω = ±ν n . These peaks have width γ 0 and heights increasing with the probability p n . In particular, for small backaction from the QPC, i.e., γ 1 δ n , peaks are located at the resonance point ω = δ n = 2 + (2n + 1)χ , admitting a shift (2n + 1)χ inherited from the phonon-number-dependent frequency shift in the DQD as explained above. Thus, one can read out the phonon-number state of the NAMR from these peak shifts in the current correlation spectrum of the QPC.
A. Verification of ground-state cooling of the NAMR
The observation of quantum-mechanical phenomena requires a high frequency and a low temperature for the NAMR (see, e.g., Refs. 5-7) so that N th ≡ k B T m /hω m < 1 or n < 0.582, where N th is the thermal occupation number and k B is the Boltzmann constant. We now assume thermal equilibrium of the NAMR with a probability 19 p n ∝ e − n|H NAMR |n /k B T for a state |n so that p n = n n /(1 + n ) n+1 . In general, a state with the average phonon number n 1 (e.g., n = 0.01) implying p 0 ≈ 1 is considered as a quantum ground state.
By using typical parameters 18, 21, [23] [24] [25] ω m = 2π × 100, = 2π × 200 MHz, g = 0.3ω m , ζ/T = 0.044, γ 2 = 0.01ω m , γ 1 = 0.2γ 2 , and γ d = 2γ 2 , the current correlation spectrum of the QPC is calculated and is presented in Fig. 2 where only the positive frequency regime is shown. For n = 0.02 0.582 in the quantum regime [see Fig. 2(a) ], there is only a single peak in the spectrum corresponding to the transition frequency between the two eigenstates of the DQD. From Eq. (34), the peak is located at the resonance frequency ν 0 given in Eq. (30) . The corresponding probability distribution function p n is also shown in the right panel of the figures showing the probability of finding the NAMR in state |n . This spectrum is nearly indistinguishable from the pure ground state with n = 0. At a higher temperature, other peaks begin to appear in the current correlation spectrum [ Fig. 2(b) ]. The peak position as given in Eqs. (30) and (34) admits an NAMR-induced shift analogous to an ac Stark shift. In the regime with, e.g., n = 0.6 [ Fig. 2(c) ] and 6 [ Fig. 2(d) ], multiple peaks are obtained. As each resonance peak in the spectrum corresponds to a phonon-number state of the NAMR, the relative area under each peak could be used, in principle, to calculate the phonon statistics of the NAMR.
To observe multiple peaks in the correlation spectrum, the separation between two adjacent peaks must be larger than the intrinsic peak width, i.e., 2χ > γ 0 . The ensemble can then be individually resolved, which allows us to detect the phonon number to verify the cooling efficiency of the NAMR. On the contrary, the phonon-number state of the NAMR cannot be measured when 2χ < γ 0 . Indeed, a relatively strong coupling between an NAMR and a quantum dot has been recently demonstrated. 26 Thus, the regime with 2χ > γ 0 could be achievable. Also, the ground-state cooling of an NAMR coupled to a DQD was proposed. 17 One can then apply the proposed coupled NAMR-DQD system to verify the ground-state cooling of the NAMR. The frequency shifts in the DQD energy levels are also different for the ground and excited states of the NAMR and can then be used to read out the phonon state of the NAMR, which can be different from the phonon statistics in the thermal state discussed above. Figure 3 (a) shows the current correlation spectrum of the QPC when the NAMR is in its ground state with n = 0.02. If the NAMR and the DQD are decoupled, i.e., g = 0, the frequency corresponding to the peak position is about 2π × 0.4 GHz, which is the transition frequency 2 between the two eigenstates of the DQD. By increasing the coupling strength g, we find that the peak shifts to the right, while the linewidth as well as the amplitude are unchanged. This suggests that the energy levels of the DQD are shifted so that the energy splitting is widened under the effect of the NAMR. However, these changes do not involve the absorption of any NAMR phonon. As demonstrated in Fig. 3(b) , the frequency shift increases with the square of the coupling strength between the DQD and the NAMR, consistent with χ = g 2 /δ in Eq. (10).
B. QPC-induced backaction in the current correlation spectrum of the QPC
The backaction on the DQD due to measurement by the QPC is illustrated in Fig. 4 when the NAMR is practically in its ground state with n = 0.02. There is no backaction effect when the bias voltage V QPC across the QPC is less than the energy difference between the two DQD eigenstates, 21 i.e., eV QPC < δ 0 . At eV QPC = 2π × 0.5 GHz > δ 0 , for example, a single peak located at ω ∼ 2π × 0.4 GHz appears. When V QPC is increased, we find that the linewidth of the spectrum becomes broadened, which results from γ 0 = γ 1 + γ d /2 where γ 1 is proportional to the bias voltage. Physically, the broadening results from more frequent state transitions in the DQD induced by the backaction from the QPC when a larger bias voltage is applied across the QPC.
Dissipations in the NAMR due to the environment have been neglected in our analysis. Dissipation in an NAMR (see Ref. 27) can be expressed as γ m = ω m /Q with a quality factor Q. However, even for the NAMR-DQD coupling discussed above (e.g., 2π × 30 MHz), the dissipation of the NAMR is still very small: γ m /g ∼ 10 −4 for an experimentally achievable quality factor 26 Q = 10 5 . This justifies neglecting the dissipations of the NAMR due to other environmental effects in our calculations.
For a QPC, a Kondo-like model was proposed in Ref. 28 , which is similar to the Kondo problem in a single quantum dot coupled to two leads where the spin degree of freedom plays an important role. Here, as in Refs. 22 and 29, the QPC we used is simply modeled as a tunneling junction, and the spin degree of freedom does not affect its performance. In addition, it should be noted that the Kondo effect in the DQD can be avoided here. In fact, the present setup involves no reservoirs (leads) coupled to the DQD because the coupling between the DQD and the reservoirs is tuned to zero or is negligibly small. Nevertheless, the Kondo effect in a DQD needs a strong coupling between the DQD and the reservoirs in addition to other requirements.
In practice, there are finite cross-capacitive couplings among various gate electrodes, which affect the whole system. However, because the coupling between the NAMR and the DQD is in the dispersive regime, the effect of the NAMR on varying the parameters of the DQD is small. As for the cross-capacitive couplings in the DQD system, the experiment in Ref. 30 showed that the effect of the cross-capacitive couplings can be canceled by adjusting the plunger voltage of the detector during sweeps of the DQD plunger voltages. In our proposed setup in Fig. 1(b) , more gate electrodes are introduced. This will enhance the tunability of the DQD system to achieve the needed parameters of the system.
VI. CONCLUSIONS
We have proposed an approach to study quantum behaviors of an NAMR by coupling it indirectly to a QPC as a charge detector via a DQD serving as a quantum transducer. By detecting the current correlation spectrum of the charge detector, quantum behaviors of the NAMR can be observed. It provides interesting insight on the quantum system as well as dynamics of these backaction effects induced by an act of measurement, which necessarily perturbs the system being measured. More importantly, the cooling of the NAMR down to the quantum regime can be verified. In the quantum regime, NAMR-phonon-induced shifts (an analog to the Stark shift) of DQD energy levels as well as their relations with coupling strength between the NAMR and the DQD are demonstrated. Backaction effects from the charge detector are also explained.
